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FUNDAMENTAL DEFINITIONS: 
BEAM MICROBUNCHING 
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-Bunching Factor: Fourier transform of 
the beam current profile 
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b = 1

-Shot-noise Microbunching: 
Random distribution of particles 
generates fluctuations in the current 
profile 
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MOTIVATION FOR THIS WORK: 
MICROBUNCHING INSTABILITY IN FEL BEAMS 

Shot noise 

Fluctuations in 
longitudinal space-
charge field 

Broad-band 
energy  
modulation 

Magnetic Chicane 
transfers 
modulation from 
energy to density 

Emission of TR disturbs beam diagnostics!	


Schmidt, et al., FEL 2009  (WEPC50) 

Perturbed phase-space distribution suppresses 
gain in x-ray free-electron lasers	



Magnetic
Chicane

Time of arrival correlated 
to particle energy



-Inexpensive (no undulator 
involved in the gain process) 

-Lower beam-quality 
requirements (advanced 
electron sources? PWFA or 
DWFA?) 

-Alternative to FEL when 
broad-band is required (e.g. 
attosecond pulses) 

MOTIVATION FOR THIS WORK: THE 
LONGITUDINAL SPACE-CHARGE AMPLIFIER 

Magnetic
Chicane Undulator

Focusing 
Channel

Ld



MOTIVATION FOR THIS WORK 

-For a cold laminar beam space-charge suppresses 
shot noise after a ¼ plasma oscillation 

-Energy-spread limits amount of suppression 
(Ratner, PRSTAB 2011 and Kim FEL 2011) 

-What happens with finite emittance? 
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APPROACH TO THE PROBLEM 

We are interested in analyzing the evolution of microbunching under  
the effect of longitudinal space-charge including: 

-Emittance 
-Betatron Motion 
-Energy Spread 
-Edge Effects 
(Previous work on the subject only included edge-effects).	



Ez = Ez(�x)e
ikzz−iωτc

1)  Eigenvalue/Eigenmode Analysis: 

2)  Initial Value Problem 

3)  Application to specific 
microbunching problems 

Magnetic
Chicane

Focusing 
Channel

Enhanced
Microbunching

Premodulated 
Electron Beam



6-DIMENSIONAL DISPERSION RELATION 
FOR SPACE-CHARGE MODES 



6-DIMENSIONAL DISPERSION RELATION 
FOR SPACE-CHARGE MODES 

Propagating Space-
Charge Mode 

Coupled Vlasov-
Poisson Equations 



6-DIMENSIONAL DISPERSION RELATION 
FOR SPACE-CHARGE MODES 

Matched Gaussian    
Distribution 

Coupled Vlasov-
Poisson Equations 



6-DIMENSIONAL DISPERSION RELATION 
FOR SPACE-CHARGE MODES 

Phase-Space 
Perturbation 

Coupled Vlasov-
Poisson Equations 



6-DIMENSIONAL DISPERSION RELATION 
FOR SPACE-CHARGE MODES 

Marinelli, Hemsing, Rosenzweig 
Phys. Plasmas 18, 103105 (2011); doi:10.1063/1.3638139 

Implicit Solution to Vlasov 
Equation 

Substitute into 
Poisson’s 
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6-DIMENSIONAL DISPERSION RELATION 
FOR SPACE-CHARGE MODES 

Marinelli, Hemsing, Rosenzweig 
Phys. Plasmas 18, 103105 (2011); doi:10.1063/1.3638139 

Implicit Solution to Vlasov 
Equation 

Substitute into 
Poisson’s 

Dispersion relation 
has to be solved in 
Ez and Ω with: 

i	





6-DIMENSIONAL DISPERSION RELATION 
FOR SPACE-CHARGE MODES 

Marinelli, Hemsing, Rosenzweig 
Phys. Plasmas 18, 103105 (2011); doi:10.1063/1.3638139 

Implicit Solution to Vlasov 
Equation 

Substitute into 
Poisson’s 

Dispersion relation 
expressed in 
terms of 4 scaling 
parameters	
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3-D parameter 

Transverse beam size/ microbunching 
wavelength in the rest frame. 

K� = kzc(kβσx)
2/2ωp =

σ�vzτp
λ

Kβ = kβc/ωp

Emittance parameter 

Longitudinal displacement due to 
transverse emittance in a 1-D plasma 
period / microbunching wavelength. 

DIMENSIONLESS SCALING PARAMETERS 

Kγ = kzcση/ωpγ
2 =

σvzτp
λ

Energy spread parameter 

Longitudinal displacement due to 
energy spread in a 1-d plasma period / 
microbunching wavelength. 

Cold beam limit: Kγ , Kε << 1 

D = kzσx/γ

edge effects are negligible if  D>>1 

Focusing parameter 

Betatron frequency/1-D plasma 
frequency 

Transverse motion negligible if: Kβ<<1 
(laminar beam limit) 
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ONE DIMENSIONAL LIMIT 

The one dimensional limit is approached by taking: 

 D>>1 , Kβ << 1, Kε << 1   

Modes are fully degenerate (all eigenmodes have the same eigenvalue).  
Dispersion relation reduces to the well known 1-D plasma oscillation dispersion  
relation for a warm plasma (Landau/Jackson): 

In the 1-D limit for a cold beam (D>>1 , Kβ << 1, Kε << 1 and  
Kγ << 1) we get the well established result:   

or: 

Ω2 = 1

ω = ±ωp



INITIAL VALUE PROBLEM  

Reduce the problem to a Schrodinger-like equation 

Solve Poisson equation via 
Green’s function 

Phase-space eigenmodes associated to field 
eigenmodes 



INITIAL VALUE PROBLEM  

L is not self-adjoint… 
Mode decomposition requires a 
bi-orthogonal mode expansion 
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Mode decomposition requires a 
bi-orthogonal mode expansion Initial Phase-Space 

Perturbation 



INITIAL VALUE PROBLEM  

L is not self-adjoint… 
Mode decomposition requires a 
bi-orthogonal mode expansion Initial Phase-Space 

Perturbation 

Adjoint phase-space eigenmodes 
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MICROBUNCHING EVOLUTION AND 
AMPLIFICATION 
With our solution to the initial value problem we can 
discuss specific microbunching problems 

This formula gives the evolution of the initial 
perturbation under the effect of LSC. 
Dispersion in magnetic chicane results in a factor 
Exp(-ikηR56) 

ñ = −ñ0γ
2R56e

−(kzσηR56)
2

2 Γ
ωp
c
Ω+ sinωpΩ+

Ld

c

Cold beam gain: 

Magnetic
Chicane

Focusing 
Channel

Enhanced
Microbunching

Premodulated 
Electron Beam

Cold beam evolution of  
microbunching in the drift: 
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MICROBUNCHING EVOLUTION AND 
AMPLIFICATION 
With our solution to the initial value problem we can 
discuss specific microbunching problems 

This formula gives the evolution of the initial 
perturbation under the effect of LSC. 
Dispersion in magnetic chicane results in a factor 
Exp(-ikηR56) 

ñ = −ñ0γ
2R56e

−(kzσηR56)
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2 Γ
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Cold beam gain: 

Magnetic
Chicane

Focusing 
Channel

Enhanced
Microbunching

Premodulated 
Electron Beam

Cold beam evolution of  
microbunching in the drift: 

Plasma oscillation in 
the drift 
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MICROBUNCHING EVOLUTION AND 
AMPLIFICATION 
With our solution to the initial value problem we can 
discuss specific microbunching problems 

This formula gives the evolution of the initial 
perturbation under the effect of LSC. 
Dispersion in magnetic chicane results in a factor 
Exp(-ikηR56) 
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Magnetic
Chicane

Focusing 
Channel

Enhanced
Microbunching

Premodulated 
Electron Beam

Cold beam evolution of  
microbunching in the drift: 

Gain Maximized at ¼ 
plasma oscillation! 

Time derivative of the density 
modulation at the drift exit! 

Cold beam gain: 



D = kzσx/γ

Ω = ω/ωp

ω2p =
n0e

2

�0mγ3

Handy variational formula for laminar beam limit: 

Ω = 2D/(1+2D) 
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GEOMETRICAL EFFECTS AND BETATRON 
MOTION: PLASMA REDUCTION FACTOR FOR A 
COLD BEAM 

Assume Cold beam limit: Kγ , Kε << 1. 

In the “infinite beam limit” (or short wavelength limit) 
D>>1 

Ω=1           for a laminar beam (Kβ<<1) 
Ω≈0.756    for high betatron frequency(Kβ>>1) 

In the “small beam limit” (or long wavelength limit) 
D<<1 

Ω≈2D         regardless of betatron motion 

Reduction due to geometry of the microbunched beam in 
the rest frame. For for small D you have: γλ>>σx  

Experimental validation of the cold-beam results: 
Musumeci, Li, Marinelli 

Phys. Rev. Lett. 106, 184801 (2011) [4 pages] 



COLD BEAM AMPLIFICATION SPECTRUM 

Example: compressed NLCTA beam 

-Ipeak = 500 A 
-ε = 3 × 10-6 mm mrad (slice emittance) 
-γ = 240 (E = 120 MeV) 
-λ = 800 nm 
-Espread = 5 × 10-5 

-Ld = 0.5 m/1 m /1.5 m   
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ñ = −ñ0γ
2R56e

−(kzσηR56)
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2 Γ
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Short wavelength behavior 
dominated by energy-
spread 
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g ~ e−(kσηR56 )
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Ω≈
2D

e−αD + βD
β = 2 /0.763
α = 2 − β



COLD BEAM AMPLIFICATION SPECTRUM 

Example: compressed NLCTA beam 

-Ipeak = 500 A 
-ε = 3 × 10-6 mm mrad (slice emittance) 
-γ = 240 (E = 120 MeV) 
-λ = 800 nm 
-Espread = 5 × 10-5 

-Ld = 0.5 m/1 m /1.5 m   
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L= 0.5 m
L= 1 m
L = 1.5 m

ñ = −ñ0γ
2R56e
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2
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Long wavelength behavior 
dominated by edge effects 

€ 

Ω ~ 1/λ
g ~ 1/λ2

g ~ 1/λ4
at ~ ¼ plasma period 

at  << ¼ plasma period 

€ 

Ω≈
2D

e−αD + βD
β = 2 /0.763
α = 2 − β



EMITTANCE AND ENERGY SPREAD 
EFFECTS 
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Example: 

D=1 Kβ >>1 

Longitudinal thermal motion induced by energy spread 
and transverse emittance gives rise to an exponential 
damping process (Landau damping). 



EMITTANCE AND ENERGY SPREAD 
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Longitudinal thermal motion induced by energy spread 
and transverse emittance gives rise to an exponential 
damping process (Landau damping). 

Example: 

D=1 Kβ >>1 

Symmetric distribution: 
Isotropic Landau damping 



EMITTANCE AND ENERGY SPREAD 
EFFECTS 
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Example: 

D=1 Kβ >>1 

Always negative! 
Asymmetric distribution: 
Anisotropic Landau damping 

Emittance induced Landau damping sets the optimum 
beam size for space-charge experiments since: 

ωp~1/σx and Kε~1/σx 

Increasing the density by focusing comes at the 
expense of increasing longitudinal velocity spread! 

Longitudinal thermal motion induced by energy spread 
and transverse emittance gives rise to an exponential 
damping process (Landau damping). 
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Cold Beam Theory
Warm Beam Theory

Kε ≈ 0.5 
Im{Ω-}≈ -1 

3-D AND THERMAL EFFECTS IN THE  
LONGITUDINAL SPACE-CHARGE AMPLIFIER 

Example: compressed NLCTA beam 

-Ipeak = 500 A 
-ε = 3 × 10-6 mm mrad (slice emittance) 
-γ = 240 (E = 120 MeV) 
-λ = 800 nm 
-Espread = 5 × 10-5 

-Ld = 1 m 

Ld ≈λp3-D/4 

1-D Plasma frequency scales like:  

ωp~1/σx~1/β1/2 

Emittance parameter scales like: 

Kε~1/σx~1/β1/2 

Stronger focusing enhances the collective response but 
increases thermal effects due to emittance! 
Gain has an optimum when the two effects balance each 
other! 

For the cold beam case, gain increases 
with stronger focusing until the drift 
length is equal to ¼ plasma period. 
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EMITTANCE EFFECTS IN NOISE 
SUPPRESSION 
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Emittance induces two effects: 

-damping of backward 
component 
-   >0 minimum microbunching 
(coupling of the two waves is 
different…) 

Minimum vale of 
microbunching grows with 
growing emittance and 
decreasing beta-function 

Fundamental limitation of 
noise suppression schemes… 
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HIGHER ORDER MODES AND PLASMA-
BETATRON BEATWAVES 
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Ez = Em(R)eimθ	



+ cold beam limit: 

For Kβ>>1   Ω=hKβ ±δΩ with δΩ<<Kβ	



For h≠0 beat between betatron and plasma oscillations. 
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betatron oscillation. 
(example: m=1)	





Evolution of an even/odd m 
charge perturbation under 
transverse focusing composed 
of even/odd harmonics of 
betatron oscillation. 
(example: m=1)	
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Ez = Em(R)eimθ	



+ cold beam limit: 

Sum performed over even/odd 
harmonics for even/odd m 

Dispersion relation highly peaked 
around Ω≈nKβ  (cold beam limit)	



For Kβ>>1   Ω=hKβ ±δΩ with δΩ<<Kβ	



For h≠0 beat between betatron and plasma oscillations. 
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HIGHER ORDER MODES IN LSCA 
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m=0
m=1

Suppress or amplify higher 
order modes in a LSCA	



suppression of higher order modes due 
to transverse focusing.	



The reduced eigenvalue δΩ describes the 
collective physics of the system and it’s 
independent of Kβ. 
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m=0
m=1Ld << λp/4      Gm=0/Gm=1~(Ω/δΩ)4

 	



Increased transverse coherence 

The reduced eigenvalue δΩ describes the 
collective physics of the system and it’s 
independent of Kβ. 
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Suppress or amplify higher 
order modes in a LSCA	



suppression of higher order modes due 
to transverse focusing.	
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m=0
m=1

Ld ≈ λp/2      Gm=0<<Gm=1 	



Transverse mode selection! 
(Generation of Orbital Angular 
Momentum Modes in FELs) 

The reduced eigenvalue δΩ describes the 
collective physics of the system and it’s 
independent of Kβ. 

Gm=0 =

�
ωp

c
γ2R56e

−
K2
φ
2 Γ0Ω0 sin

�
Ω0

ωp

c
Ld

��2

Gm=1 =

�
ωp

c
γ2R56e

−
K2
φ
2 Γ1δΩ1 sin

�
δΩ1

ωp

c
Ld

�
cos

�
Kβ

ωp

c
Ld

��2

Suppress or amplify higher 
order modes in a LSCA	



suppression of higher order modes due 
to transverse focusing.	





WORK IN PROGRESS: LSCA EXPERIMENT 
AT NLCTA 

undulator 1 radiatorundulator 2

gun linac 1 linac 2
energy

spectrometer

chicane 0 chicane 1 chicane 2

5 MeV
0.5ps

60 MeV
0.5ps

120MeV

energy
bunch length (rm

s) COTR screen 
and diagnostic

Microbunching
generated by
laser  seed

-LSCA experiment at NLCTA test 
facility:  
(~summer 2012 ?) 

ñ = −ñ0γ
2R56e

−(kzσηR56)
2

2 Γ
ωp
c
Ω+ sinωpΩ+

Ld

c

Study amplification and plasma-
dynamics of seeded 
microbunching at 800nm. 

NLCTA has a wide tunability of 
the beam current. 
Study dynamics by changing 
plasma frequency at fixed 
locations. 



WORK IN PROGRESS: 
TWO-STREAM AMPLIFIER FOR ULTRA-SHORT 
SOFT X-RAY PULSES 
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Optimum Gain-length = λp/π	


Good scaling to soft x-ray wavelengths! 

Optimum wavelength: 

Broad RMS bandwidth at saturation 
~50% 
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Instability driven by space-charge in 
a 2-energy level beam 



WORK IN PROGRESS: 
TWO-STREAM AMPLIFIER FOR ULTRA-SHORT 
SOFT X-RAY PULSES 

Generation of two-level energy distribution is 
challenging. 

Several methods are being considered… 
Two pulse train + off-crest acceleration +chicane 
E-SASE scheme + mask?	
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Amplification of attosecond 
pulses from HHG in gas! 

Theoretical study on-going 
at 6 nm… 
Application to NGLS?  



RECONSTRUCTION OF MICROBUNCHED 
BEAMS WITH PHASE RETRIEVAL OF COTR 

original

0 1 2 3 4 5 6 7 8 9 10
x 10 4

0

1

2

3

4

5

6

7

8

9

10

x 10 4

200 250 300 350 400 450 500 550 600 650

50

100

150

200

250

300

350

400

450

OTR screen

Microbunched 
Beam

Coherent Optical Tran-
sition Radiation

CCD camera



RECONSTRUCTION OF MICROBUNCHED 
BEAMS 

Microbunching is often 
described as a one-dimensional 
entity: 

€ 

b(k) =
1
N

e− ikzn∑ =
1
N

ρ∫ (x,y,z)e−ikzdxdydz

By integrating over x-y we lose track of any 
transverse dependence of the density modulation 

In many applications it is necessary to keep record 
of the transverse distribution: 

€ 

b(x,y,kz ) =
1
N

ρ∫ (x,y,z)e−ikz zdz

B(kx,ky,kz) =
1
N

ρ∫ (x,y,z)e− ikxx− ikyy− ikz zdxdydz

Microbunching in X-
space 

Microbunching in K-
space 



TRANSVERSE OPTICAL REPLICA 

Microbunching induced by laser-beam 
interaction in an undulator. 

If     and  

The microbunching distribution is a replica 
of the beam’s  transverse charge 
distribution. 

Diagnostics of compressed beams! 
(induced microbunching is much larger than 
MBI, beam image not affected by collective 
effects…) 

€ 

Rlaser >> Rbeam

€ 

llaser >> lbeam

Method for the determination of the three-dimensional structure of ultrashort relativistic 
electron bunches 

Gianluca Geloni, Petr Ilinski, Evgeni Saldin, Evgeni Schneidmiller, Mikhail Yurkov 

arXiv:0905.1619v1 [physics.optics] 



THREE-DIMENSIONAL MICROBUNCHING: 
LONGITUDINAL SPACE-CHARGE INSTABILITY 

Transversely incoherent 
space-charge fields for short 
wavelengths 

Transversely inhomogeneous 
microbunching 



THREE-DIMENSIONAL MICROBUNCHING: 
ORBITAL ANGULAR MOMENTUM MODES 

Helical charge perturbation from 
harmonic interaction in a helical 
undulator: 

€ 

ρ ∝ re
−
r 2

2w 2
− iφ

Phys. Rev. Lett., 106, 164803 (2011) 



COTR DIAGNOSTIC FOR THREE-
DIMENSIONAL MICROBUNCHING 

€ 

b(x,y,k) = e− ikz z∫ ρ(x,y,z)dz

In these applications, it is interesting to reconstruct the 
transverse structure of the density modulation in 
amplitude and phase: 

OTR screen

Microbunched 
Beam

Coherent Optical Tran-
sition Radiation

CCD camera

Ingredients: 

-Narrow bandwidth signal is needed 
(seeding or bandpass filtering) 
-Near or far field imaging? 

Near field is hard to interpret: 

1) Near field COTR is a convolution 
between b and the OTR Green’s function. 

2) Intensity pattern mixes two polarizations! 
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COTR DIAGNOSTIC FOR THREE-DIMENSIONAL 
MICROBUNCHING: FAR FIELD IMAGING 

From a single-frequency far-field 
measurement we can recover 

! 

|B2(kx,ky,k) |
We are interested in  

! 

b(x,y,k) = e" ikxx" ikyyB(kx,ky,k)#
dkxdky
(2$)2

Phase information on B is needed to 
recover the signal in x-y space!! 

! 

B(kx,ky,kz) =
1
N

e" ikxxn " ikyyn " ikz zn
n
#

Electron 
Beam

Metal Foil

Backward
 Transition
Radiation

Forward
 Transition
Radiation

θ	





HOW IMPORTANT IS KNOWLEDGE OF 
PHASE? 

€ 

IFFT(ObamaK e
iArg(ObamaK ))

=Obama(X,Y )

€ 

IFFT(McCainK e
iArg(McCainK ))

= McCain(X,Y )



HOW IMPORTANT IS KNOWLEDGE OF 
PHASE? 
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HOW IMPORTANT IS KNOWLEDGE OF 
PHASE? 

€ 

IFFT(ObamaK e
iArg(McCainK ))

≈ McCain(X,Y )

€ 

IFFT(McCainK e
iArg(ObamaK ))

≈Obama(X,Y )

Phase carries 
most of the 

information!! 



PHASE RETRIEVAL ALGORITHMS 
Phase information can be recovered by means of iterative 
retrieval algorithms. 

Apply known amplitude 
in K-space 

Apply constraints in 
X-space 

IFFT 

FFT 

Generate random 
phase 

The type of constraint that 
can be applied in X-space 
depends on the 
experimental 
implementation of the 
method 

Customarily used in x-ray microscopy 
for reconstruction of non-crystalline 
samples 
J. Miao et al.  Nature 400, 342-344 (22 July 1999)  



CONSTRAINTS IN X-Y SPACE 
-Support Constraint 

The signal is equal to 0 outside of a finite domain in X. At each 
iteration this condition is enforced by the algorithm. 

Oversampling condition: 

Finer sampling in K space gives a stronger constraint in X-
space. 

-Positivity Constraint 
Enforce that signal is real and positive in the domain 

€ 

δk < 2π /Lsample

J. R. Fienup, "Phase retrieval algorithms: a comparison," Appl. Opt. 21, 2758-2769 (1982) . 
http://www.opticsinfobase.org/abstract.cfm?URI=ao-21-15-2758 

Apply known amplitude in K-
space 

Apply constraints 
in X-space 

IFFT 

FFT 

Generate random phase 



EXPERIMENTAL DEMONSTRATION AT 
NLCTA 

undulator 1

chicane 0 chicane 1

120MeV

COTR screen 
and diagnosticMicrobunching

generated by
laser  seed at 800nm

-COTR experiment performed with the ECHO 
beamline setup. 

-Proof of principle: transverse optical replica of 
uncompressed beam. 
Reconstruction benchmarked with incoherent OTR! 

-Seeded microbunching: positivity constraint in x-y 



EXPERIMENT AT 800NM 
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Reconstructed Microbunching Near Field Incoherent OTR 

Far Field COTR |B (kx,ky) | Phase{B (kx,ky) } 



EXPERIMENT AT 800NM 
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Reconstruction Near Field 
Incoherent OTR 

Beam fluctuates 
from shot-to-shot. 

Characteristic size 
and shape 
consistent from shot 
to shot. 

(near field and 
reconstructed 
images come from 
different shots!) 



FEATURES AND ADVANTAGES 

 Single-shot reconstruction of beam microbunching.  
   (a lot of physics can be understood if we extend it to 

non-positive microbunching…) 

 Beam imaging technique robust to microbunching 
instability and other forms of parasitic 
microbunching. 

 Higher resolution for high energy beams  
   (OTR resolution ~γλ TOR resolution limited by 

dynamic range of the camera). 



POSSIBLE IMPROVEMENTS 

-Use of undulator radiation  
(no null on axis, collect more information on the 

beam’s Fourier transform) 

-Simultaneous near/far field COTR imaging for non-
positive microbunching (OAM or space-charge) 
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DOUBLE INTENSITY MEASUREMENT 

In the double intensity 
measurement the phase 
retrieval is performed on 
ONE polarization of the 
COTR field 

The constraint in X space 
is the measured 
amplitude in the near 
field zone 

The microbunching 
distribution is recovered 
by deconvolving the final 
signal with the OTR 
Green’s function. 

OTR screen

Microbunched 
Beam

Coherent Optical Tran-
sition Radiation Far Field

CCD camera

Near Field
CCD camera

Beam SplitterLinear
Polarizer

Apply known 
amplitude in K-space 

Apply known 
amplitude in X-space 

IFFT 

FFT 

Generate random 
phase 



SUMMARY AND CONCLUSIONS 
  We have developed a six-dimensional theory of the space-charge eigenmodes of a 

beam with finite emittance, betatron motion, energy-spread and 3-D field effects. 
  new results: 
  -emittance induced Landau damping; 
  -coupling of space-charge to betatron motion.  

  The theory of space-charge waves has been used to develop a fully kinetic model 
of the space-charge induced microbunching instability. 

  -emittance effects in space-charge amplification/suppression of   
  microbunching; 

  -amplification/suppression of higher-order modes 
  -design of a seeded longitudinal space-charge amplifier at the NLCTA 

  A microbunching reconstruction experiment, based on phase-retrieval techniques, 
has been designed and performed at the NLCTA test facility at SLAC. 

  -successful reconstruction of seeded microbunching with  
  application to compressed beams 

  -double intensity measurement for more exotic microbunching structures? 
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