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COLLIDING BEAMS: PRESENT STATUS; AND THE SLAC PROJECT*

= B. Richter

Stanford Linear Accelerator Center
Stanford University, Stanford, California 94305

Report at HEAC 1971

The discovery in the early '60's at the Princeton-
Stanford ring of what was thought to be the resistive wall
instability brought the realization that circular accelerators
are fundamentally unstable devices because of the interac-
tion of the beam with its environment., Stability is achieved
only through Landau damping and/or some external damping
systoem.

1965 Priceton-Stanford CBX: First mention of an 8pole magnet
Observed vertical resistive wall instability

ELECTRON- - With octupoles, increased beam current from~5 to 500mA
BEAM L
CBX Iayout (1962) FuLsED ‘EI CERN PS: In 1959 had Hetupoles; not used until 1968
Er coseo T view " M - At 10%2 protons/pulseobserved (3 time) head-tail instability.
TINFLECTOR PORT N

ﬁﬂ Octupoles helped.
: i, - Once understood, chromaticity jump at transition
! was developed usingsextupoles
ﬂ More instabilities were discovered; helped byoctupoles
-7 Mweiecros and by feedback. 5




~ Hewto make a higintensity machine?

(OR, how to make a hightensity beam stable?)

Landau dampingzOEA AAAI 8O0 OEIi | Ol
related to the spread of betatron oscillation

frequencies. The larger the spread, the more stable

the beam is against collective instabillities.

External damping (feed-back) systemgz presently the
most commonly used mechanism to keep the beam
stable.

A Can not be used for some instabilities (heaetail)
A Noise
A Difficult in linacs
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Most accelerators rely on both

- LHC

. Has a transverse feedback system
. Has 336 Landau DampingOctupoles
. Provide tune spread of0.001at :sigma at injection

. In all machines there Is a tradeoff between

Landau damping and dynamic aperture.
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through betatron frequency spread)
. Tune spread not~0.001 but 10-50%

What can be wrong with the iImmune
system?

- The main feature of all present acceleratorg particles have

nearly identical betatron frequencies (tunes) by design. This
results in two problems:

.. Single particle motion can be unstable due to resonant
perturbations (magnet imperfections and non-linear elements);

. Landau damping of instabilities is suppressed because the
frequency spread is small.
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~~ CourantSnyder Invariant
Equation of motion for Z'+K(s)z=0,
betatron oscillations Z=Xory

Courant and Snyder found a conserved quantity:

a _ api 520
-1 52,3009, 4980
2098 ¢ 2 =~ 5
where (\/Z)i+ K(s)y/b = ! - auxiliary equation
e

H(Jy,dy) = d, + 14,
Jx,Jy -- are CourantSnyder integrals of motion

pH _ MR

=—— -- betatron frequencies

“‘Jx y |.1Jy

W, =
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good or bad?
H(Jy,dy) =m Iy + W, J,
. ) O EO AIIT OATEAT O j Ol EAOA 1| EI.
NOT good for stabllity.
- We did not know (until now) how to make it any other way!

- To create the tune spread, we add nofinear elements (octupoles)
as best we can

. Destroys integrability! NES

octupole WRBN SR
Tune spread depends on - §
Hh.‘

g a linear tune location : -
' 1D system: :&i%
Theoretical max.

spread is 0.125 A
2-D system:
Max. spread < 0.05

3 4 5 6 7 8



~First nonlinear accelerator proposals
(before KAM theory)

In a series of reports 19665 Yuri Orlov has proposed
to use non-linear focusing as an alternative to strong
(linear) focusing.

- Final report (1965):

FUNDAMENTAL PROPERTIES OF
NON-LINEAR FOCUSING*

V. V. VecHesLavov and Yu. F. OrLov

(Received 23 July 1965)

Abstract—An analysis has been made of the fundamental properties of non-linear focusing taking the
simple example of non-linear focusing in a symmetric magnetic field of the fifth degree. The dimen-
sions of the first stability region with regard to small non-linear z-oscillations are determined. The
influence of r-z-resonantes was studied and also the maintenance of stability when allowing for
adiabatic damping with the help of external or mutual r- and z-phase stabilization. It was found that
mutual phase stabilization arises in the region of 4 r-z-resonance.

A numerical and partly analytical study of these effects has bean made.
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McMillan nonlinear optics

In 1967 E. McMillan published a paper

SOME THOUGHTS ON STABILITY
IN NONLINEAR PERIODIC FOCUSING SYSTEMS

Edwin M. McMillan

September 5, 1967

Final reportin 1971. This is what later became known

AO OEA O-A-EIT AT | APPET Coc
% = Pis f(x)=- B + DX
P =%+ F(X) AC +Bx+C
Ax2p2+B(x2p+xp2)+C(x2+p2)+ Dxp = const

If A =B = 0 one obtains the Courant-Snyder invariant
9



~ McMillan

At small x: (- -%x

Bare tune

2
Linear matrix: =1 Do
g Tt

Atlargex: f(x)- 0 A=1B=0C=1D=2
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“What about 2D optics?

How to extend McMillan mapping into 2 -D?
Danilov, Perevedentsev found two 2D examples:

- Round beam:xp, - yp, = const
1. Radial McMillan kick: r/(1 +r?) -- Can be realized with

AT O%l AAOOT T -beénh Neadon calisidh$
2. Radial McMillan kick: r/(1- r?) -- Can be realized with
solenoids (may be useful for linacs)
In general, the problem is that the Laplace equation
couplesx and y fields of the non-linear thin lens

111
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ﬁupole in a linear-® lattice

Typical phase space portrait:
/ 1. Regular orbits at small amplitudes

2. Resonant islands + chaos at larger
/ amplitudes;

Are there fimagi co
create large spread and zero resonance
strength?

The answerisi yes
(we call them Aint

12



- Longterm stabillity

The first paper on the subject was written by Nikolay Nekhoroshev in 1971
1.1 Mearly-integrable Hamiltonian systems. Perpetual stability and stability

Russian_Math. Surveys 32:6 (1977), 1-65
From Uspekhi Mat. Nauk 32:6 (1977), 5-66 during finite intervals of time. In this article we investigate the behaviour of
the variables [/ in the Hamiltonian system of canonical equations
jo_om o i
=" P77
AN EXPONENTIAL ESTIMATE OF THE with the Hamiltonian
HAMILTONIAN SYSTEMS where e« 1 is a small parameter, the perturbation eff; (I, @) is

2m-periodic in ¢ = ¢;, ..., ¢, and | is an s-dimensional vector,

N. N. Nekhoroshev I=1,...., 1.

He proved that for sufficiently small U
provided that Hy(l) meets certain conditions know assteepness

Convex and quasiconvex functions Hy(l) are the steepest
An example of aNON-STEEPfunction is a linear function
Ho(ly,15) =mly +n,l,
Another example of aNON-STEEFunction is

Ho(l1,15) = |12' I22

1) = I(0)]| < Re” for |t| < T.exp(e™)

13
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“Nonlinear Hamiltonians

We were looking for (and found) non-linear 2-D steep
Hamiltonians that can be implemented in an accelerator

Other authors worked on this subject recently: J. Cary, W.
Wan et al., S. Danilov, E. Perevedentsev

- The problem in 2-D is that the fields of non-linear elements are
coupled by the Laplace equation.

- An example of a steep (convex) Hamiltonian is

Ho(l1,15) =@yl +a,l5, a>0
but we DO NOT know how to implement it with magnetic
AEAI AOS

14
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What are we looking for?

We are looking for a 2D integrable convex non-linear
Hamiltonian, Hy(,1,)=h(l,15)
h(l,,1,) =const -- convex curves

§

P

15



~——Our approacn

See:Phys. Rev. SRAccel. Beams 13, 084002

Start with a round axially-symmetric LINEAR focusing
lattice (FOFO)

Add special nonlinear potential V(x,y,s) such that

DV (X
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Special timedependent potential

Ou

, AOGO Al T OEAAO A (AIEI OI TE

5 B ax: v
i 2y +K(s)é£?+7§+V(x, Y,9)
where V(X,y,s) satisfies the Laplace equation in 2d:

DV(X,Y,S)° DV(X,y) =0

. y4
Zy =

In normalized variables we will have: Jb(s)
bi(s)z
o b(s) - :
Hy =220 28 2N 4 by Wik /B0 ) B0 ), )

JEAROR T Ax é@éi&®:ﬁ§§EAAiA EO
o D(si

17



e

_// . .
Four main ideas

Chose the potential to be time-independent in new

variables P 2 4 2
q - e B 2yN +U (Xy,Yn)

: 2
T 6(s) .
S Tinsert

Element of periodicity o

e ik 1D 08

b(s) = = Sk(L S) &g 0 1Y
\/1 % |_k0 ?o 0 -k 18 |
< >

Find potentials U(Xx, y) with thel‘second Integral of
motion

Convert Hamiltonian to action variables Hg(l,,15) =h(1,15)
and check it for steepness 18



Integrable 2D Hamiltonians

Look for second integrals quadratic in momentum

. All such potentials are separable in some variables
(cartesian, polar, elliptic, parabolic)

- First comprehensive study by Gaston Darboux (1901)
So, we are looking for integrable potentials such that
P+ Py Xy
H = +
2 2
Second integral: | = Ap? +Bp, P, +Cp§ +D(X, Y)

+U (X, Y)

A=ay’ +c’,
B = - 2axy,
C=ax,

19



Darboux equation (1901 @

- Leta/10and c /10, then we will take a=1 :
U, - U, )+y?- x2+c2 U, +3yU, - 3xU, =0

. General solution

_ ) +agln)
U(X’y)_ XZ- /72
by + o ey
2C
o) +y? - Jlx- of +y?
2C

3. | 1d, [-1H1], fandg arbitrary functions

20



The second integral

The 29 integral

| (X’ Y Py py): (Xpy % ypx)2 +C° IOf +2¢° f()h” +g@)x’

Y- h-

Example: U(X,Yy) = %(X2 + yz)

f,(x) = %xz k-1  gm= C—22h2(1- h?)

1(xy, . p,) = (xp, - Yo, +c2p2 +¢2X°

21
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Laplace equation

Now we look for potentials that also satisfy the Laplace
equation (in addition to the Darboux equation):

U, +U, =0

We found a family with 4 free parameters (b, c, d, t):

f,(X) = xy/x? - 1(d +tacostx))
g,(h) =h41- h?(b+tacodh))

f(x)+g9”)

U(xy) = =

The most interesting: d=0 and p=- %t

22



/'Fhe mtegfablreﬂamllt

- y +tU (X, y) This potential has two adjustable parameters:
2 2 tT strength and c i location of singularities

Multipole expansion (electrostatic case):
For |z|] <cC
Forc=1
[t| < 0.5 to provide linear stability for small

amplitudes
Fort > 0 adds focusing i

Small-amplitude tune s:
1+ 2t

=+/1- 2t
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